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Abstract— This paper provides two methods for creating
compact lumped element models for distributed passive
electromagnetic structures. The first technique is based on
the traditional Foster representation, whereas the second
one makes use of Brune's synthesis, a more flexible strategy
that can take into account lossy structures. The identical
network models created by both strategies when coupled
with a system identification method can be tested using
circuit simulators. Also, two decomposition techniques that
leverage the structure's symmetry to make the synthesis of
network models simpler are explained. The accuracy and
efficacy of the suggested processes are demonstrated by two
examples: a lossless low-pass microstrip filter with a branch-
line directional coupler.

Index Terms— distributed passive circuit, Foster ex-
pansion, Brune’s synthesis, complexity reduction tech-
niques, network model.

I. INTRODUCTION

Full-wave electromagnetic (EM) tools are often the first choice
for the design and modelling of distributed passive circuits
operating at microwave and millimeter wave fre- quencies and at
gigabit rates. However, due to processing and memory limitations,
an efficient application of these tools may not be possible for
computationally large prob- lems. A division of the problem into
different hierarchical modelling levels and the application of
network models is a viable option for complexity reduction.
Network models, in the form of compact lumped element circuits,
can signif-icantly help to correctly formulate EM problems and
find their efficient solution by using methods of network theory.
Network methods can be introduced on the field level by a
segmentation of the EM structures under investigations [1],[2]. In
general, the representation of distributed circuits by equivalent
lumped element network models requires that the transfer
function is first obtained either by a full-wave analysis or by
measurement. Next step is to represent this transfer function in the
form of a rational function by using system identification (SI)
methods. Based on the locationof zeros and poles of the rational
function, the synthesis of an equivalent lumped element circuit
can be done. This compact network model has a finite number of
circuit

lumped element as it has to represent the distributedstructure’s
transfer function in a given frequency band with a desired
accuracy only.

For lossless structures, a network model can be syn- thesized
using the Foster or Cauer canonical expansions [1], [3]. It is
also possible to extend the Foster expansionto account for lossy
structures [4], this however could result in circuit elements with
negative real part and hence cause instability [5]. Therefore for
lossy structures Brune’s synthesis method is more suitable as it
provides a networkmodel with minimal number of lumped
elements that are ultimately positive [3], [6]-[8]. Whereas
application of either method is straightforward to implement a
one-port, this is not the case for multi-ports. In addition,
Brune’s multi-port synthesis, though possible in principal, has
notbeen yet demonstrated in literature [6].

Therefore, if the multi-port under investigation is sym-
metric, this should be exploited to reduce the number
of parameters determining the network and to facilitate the
implementation of the previously mentioned synthesis methods
for symmetric multi-ports. In this paper, one complexity reduction
technique, applicable to four-ports with two symmetry planes
(double-symmetric four-ports) and one intended for two-ports
with one symmetry plane (single-symmetric two-ports), are
discussed and combined with the Foster and the Brune’s synthesis
method, respec- tively. The first technique, based on even and odd
excita- tion [9], [10], allows for decomposition of double-symmetric
four-port into equivalent circuits with four independent one-ports.
It is used here in combination with Foster one- port synthesis and
a SI method such as vector fitting [11], [13], [14] to generate
the compact lumped element model for a lossless branch-line
directional coupler. The second technique uses Bartlett’s bisection
theorem [3] to decompose a single-symmetric two-port into
equivalent circuits of four one-ports of which two are
independent. Itis applied in combination with Brune’s synthesis
procedure and vector fitting method to the example of a lossy low-
pass microstrip filter. In both examples, numerical full- wave
analysis tools are used to initially generate the transfer function
of the structures considered here.

II. SYNTHESIS METHODS FOR GENERATION OF
In this section, two systematic synthesis methods for the
generation of compact lumped element equivalent circuit models
for passive electromagnetic structures aredescribed.
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A. Foster Equivalent Circuit Synthesis

In order to perform lumped element synthesis, system
identifications is applied to the Z or Y parameters of one-
ports. System identification is performed by means of
vector fitting which identifies the poles s, residues By
and terms D and E (optional) of the rational function
describing the transfer function [11]. This closed form
expression given in

X B

Yii(s)=Es+D+ = D)
is obtained for each Y or Z parameters, respectively, of
one-ports. The poles s, and residues B, are either real
guantities or come in complex conjugate pairs, while terms
D and E are real. For this fractional expansion, we obtain
the Foster representation by identifying the appropriate
inductance L and capacitance C values which allow to
describe Eqg. (1) by a series connection of parallel resonant
circuits [1], [12].

B. Brune’s Equivalent Circuit Synthesis

Equivalent lumped element circuits for general lossy
two-ports, such as considered in this paper, can be ob-
tained from Brune’s circuit synthesis procedure [6], [7],
[15], [16]. Cauer or Foster representations of lossless cir-
cuits, explained in subsection I1-A, can be extended to
lossy circuits but negative elements even for passive cir-
cuits would result. Brune’s synthesis yields the realization
of passive circuits with minimum number of elements. A
positive real (PR) character is required for the impedance
function to be synthesized. The impedance (or admittance)
function is of the form:

aps” +ap—1S" '+ap 5s" 2+---+ap  P(S)
W= b,s"+b,1S" T+bp0s” 2+---+bo — Q(s)

(2)
For W to be a PR function, the coefficients a,, a,— 1, ...,
ao and b, b,, ..., bo should be positive real numbers and
except for a,, b,, a0, bo no other coefficient can be zero [3].
For a PR function, all poles and zeros are located in the left
half of the complex frequency plane, or on the imaginary
axis, respectively. Poles or zeros lying on the imaginary
axis can be separated from the rational function without
disturbing the function’s PR character. In Brune’s equiva-
lent network synthesis procedure, the impedance function
is analyzed and poles and zeros on the imaginary axis can
be separated from the impedance (or admittance) function
(2), and can be realized in a subcircuit in a straightforward
manner. However, if all poles and zeros are strictly in the
left half plane a special so called Brune’s process is applied.
The global minimum of the real part of the function on
the imaginary axis is determined. The value of this global
minimum is subtracted from the function. Depending on
which frequency this minimum value is found at, we have
to extract the real part of the impedance function (for
s = 0 and s = goor, if the minimum occurs at a finite

Possible subcircuit extractions for this Brune’s process are
shown in Fig. 1, where W is the rational function before
extraction, and W' is the reduced rational function.
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Fig. 1: Extracted circuits from Brune’s process.

III. THE COMPLEXITY REDUCTION TECHNIqUES

A. Decomposition Technique for the Double-symmetric
Device

Consider a four-port reciprocal EM structure which
has two planes of symmetry, i.e. a horizontal (h) and
vertical (v) plane of symmetry as depicted in Fig. 2(a).
This symmetrical and reciprocal structure has only four
independent S-parameters (Sii, So1, Sg1, S41)-

In order to achieve a compact lumped element circuit

model without the need for a multi-port synthesis, a
decomposition of the symmetrical four-port is performed.

The decomposition of the double-symmetric four-port
can be performed in the following three-step procedure. In
a first step, the structure under consideration is analyzed

with respect to the ports’ reflection coefficients by applying
a full-wave electromagnetic analysis method such as the

frequency, we have to extract real and imaginary part.
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transmission line matrix (TLM) method [17]. Then, the
normalized input impedance of the substructure formed
by one quarter of the complete structure, as shown in
Fig. 2(a), is determined for different combination of
bound-ary conditions in the symmetry planes. For this
purpose,two approaches can be used:

- Using the obtained scattering matrix parameters of
the complete double-symmetric structure and by con-
sidering the condition for even (e) and odd (o) ex-
citation, which correspond to the case of a
magnetic

(a) Planes of symmetry. (b) Equivalent network.

Fig. 2: Double-symmetric four-port.
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wall (open circuit - oc) boundary condition and an
electric wall (short circuit — sc) boundary condition,
respectively, in the h- and v-plane of symmetry, the
input reflection coefficient for an arbitrary port is
determined as

M€ = Sy1 + So1 + S31 + S41, 3)
M° =S4 — So1 — S31 + S41, (4)
M€ = Su1 + So1 — S31 — S41, (5)
° = Sy1 — So1 + S31 — S41, (6)

for the various combinations of boundary condi-
tions in the symmetry planes. The normalized input
impedance of the relevant port is given as

hv 1+ rhv

Xip = 1— rhv ’ (7)

where the indices h (horizontal symmetry) and v
(vertical symmetry) are either o or e.

- v = shv can be computed directly from a single
quarter of the EM structure (see Fig. 2(a)) using
the full-wave EM tool while applying appropriate
boundary conditions.

In the second step, a network synthesis procedure, such
as the Foster synthesis, is applied to the decomposed one-
ports. Four equivalent circuits will be synthesized.

In the last step, a connection network is established to
realize a compact lumped element model that is integrated
in a circuit simulation tool. The S-parameters can be
obtained as follows:

Suu = (M€ +r€° +r°°+r°°)/4, €))
Soy = (l—ee _ |—eo + |—oe _ I—OO)/4' (9)
531 - (ree _ rEO _ rOE + rOO)/4‘ (10)

Sq1 = (M€ + %% — ¢ —1°°) /4. (11)

The four-port can be described by a network with four
distinct admittance parameters. An equivalent circuit for
the four port is introduced, depicted in Fig. 2(b). From
symmetry considerations we find that Y; = Y, = Y3 = Yy,
Yio = Y34, Yi3 = Yaou, and Yy, = Yoy is valid for this
double-symmetric four-port. The even and odd admit-
tances Y ", where the indices h and v are either o or e,
are related to the admittances Y;; of the network shown
in Fig. 2(b) by

Y, =2Y°, 12)
Y2 =1/2(-Y*+Y* - Y +Y), (13)
Yi3=1/2(-Y*+Y* +Y* -Y ), 14)
Yiu =1/2(-Y* =Y +Y*+Y). (15)

Negative contributions to the admittance in Eqgs. (12)-(15)
can be realized by transformation network, as depicted in
Fig. 3, where Y;; = Y;; +Y;;, with Y;; being a positive and
Y, being a negative contribution to the admittance.

Fig. 3: Transformation network for negative elements.

B. Decomposition Technique for the Single-symmetric De-
vice

Consider a two-port reciprocal EM structure which has
one symmetry plane as depicted in Fig. 4(a). This symmet-
rical and reciprocal structure has only two independent S-
parameters (Si;, and S.;). Bartlett’s theorem [3] allows
to transform symmetric two-port device into equivalent
circuit consisting of four one-ports. The one-ports ob-
tained from Bartlett’s decomposition can be synthesized
by Brune’s process. Structure is equivalent to a lattice
network illustrated in Fig. 4(b) with series branches of Z,
and cross branches of Z,.. The impedances Z,. and Z,,
or admittances Y,. and Y,,, respectively, can be computed
from [3].

-
- —
N

(b) Equivalent lattice circuit.

(a) Plane of symmetry.
Fig. 4: Single-symmetric two-port.
IV. NUMERICAL ANALYSIS RESULTS

A. Modeling of a Double-Symmetric Branch Line Coupler

A branch-line coupler was chosen to demonstrate the
compact equivalent network synthesis for the double-
symmetric four-port. The branch-line coupler, shown in
Fig. 5, has a patch thickness of 0.1 mm, a substrate height
of 0.8 mm, substrate permittivity of 2.2, and is designed
to operate around 6.5 GHz. The metallization is made of
PEC.

)

Fig. 5: Branch-line coupler.

The S-parameters are obtained from a full-wave elec-
tromagnetic analysis, accounting for the entire structure
as discussed in Section I11-A. The magnitude and phase of
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Si1, So1, Sg1 and Sy, are plotted in Fig. 6. Alternatively,
the reflection coefficients are obtained for the structure
truncated at the planes of symmetry, with the appropriate
boundary conditions enforced and subsequently the S-
parameters are obtained from Eqgs. (8)-(11). This yields
equivalent results to the simulation of the entire structure
(see Fig. 6). After obtaining the four distinct reflection
coefficients for the odd and even cases, the respective
impedances are obtained from Eq. (7), system identifi-
cation is performed and a lumped element realization is
obtained using the Foster representation.

Fig. 7: Foster circuit for the decomposed one-ports.

L1 3.36 x 10 1V 2.75x 10 10 3.66 x 10 1V 5.98 < 10 10
L2 n/a 1.52 <10 2 1.24 <10 2 n/a

R21 n/a —9.19 % 10 —4.65 > 10 n/a

R22 1.00 x< 10° 1.54 < 107 6.69 < 103 2.08

Cc2 1.47 =10 T 6.62 <10 13 9.63x 10 13 892 <10 T
L3 6.41 < 10 10 3.59 < 10 1V 5.04 < 10 1V 1.27 < 10 2
R31 —5.7x<10 I —2.16 <10 T —9.05x<10 I —6.18 <10
R32 2.17 % 103 2.45 % 103 9.52 % 10 2.41 % 103
c3 4.16 < 10 13 4.98x 10 13 5.05x 10 13 4.43 %10 13
R4 9.60 < 10 T 3.56 x 10 L 1.86 1.00 < 10 ©

TABLE I: Values for the lumped elements of the Foster
circuits for Zee, Zeo, Zoe and Zeo (L in Henrys, R in Ohms,
and C in Farads).

The obtained lumped element circuits are shown in
Fig. 7 and Table I. Results for the S-parameters obtained
from synthesized equivalent Foster circuits for the one-
ports of Z%, Z°°, Z°* and Z°, applying Egs. (8)-(11),
are given in Fig. 8. Each decomposed one-port has been
synthesized using 5 poles. A very good agreement between
the original results of the full-wave analysis and equiva-
lent lumped element model has been achieved. A lumped
element network model of the complete double symmetric
branch-line coupler can be obtained from Egs. (12)-(15).

B. Microstrip Low-pass Filter

For the numerical study, we consider a low-pass mi-
crostrip filter, shown in Fig. 9, to demonstrate the two
methods for synthesis of compact lumped element mod-
els for linear lossy reciprocal two-port devices described
above. The physical dimensions of symmetrical low-pass

Port 2

Fig. 9: Layout of microstrip low-pass filter.

filter in millimeters are: line widths w; = 0.217054, w, =
2.31921 and wy = 0.0248336; line lengths d, = 0.566318,

d. = 0.84057, d3 = 1.29201 and d, = 0.901333. The
substrate height is h = 0.2 mm, its relative permittivity
is €, = 12.9 and tan® = 0.004. The metallization is
made of copper. The full wave EM analysis results are
obtained from TLM simulations. In order to generate
the equivalent circuit, impedance parameters of the full-
wave analysis have to be de-embedded. Compact lumped
element model obtained by Brune’s synthesis procedure
is shown in Fig. 10. Before applying Brune’s method,
symmetric two-port device from Fig. 9 is first transformed
into a connection of one-ports using Bartlett’s theorem.
These one-ports are then synthesized by Brune’s process
which yields a minimum number of elements.

0.36nH 0.12Q  0.75Q

Zoc 1.30pF - 4.50kQ

-
T 1:1.02 31_.

(a) Equivalent Brune s circuit of Y2

0.36 nH 60.61mQ 0.39Q

(b) Equivalent Brune s circuit of Y1

- -
& a

PR -
. 'f1 P o
Y, S Y,
v, @ e %2 Vs
/fl} Y" f\\.\

(c) Equivalent Bartlett s circuit

Fig. 10: Equivalent Brune’s circuit.

Fig. 11 compares the synthesized equivalent Foster and
Brune’s circuit scattering matrix results to the results
obtained directly from EM simulation.

V. CONCLUSION

For single and double-symmetric devices, we have
provided a compact lumped element circuit synthesis in this
study. A development of circuit models is possible using
two complexity decomposition approaches without the use
of a multi-port network synthesis procedure. Analysis of a
single-symmetric low-pass filter and a double-symmetric
branch-line coupler has served as a demonstration of the
decomposition. Foster and Brune representations have been
used to synthesise the deconstructed one-ports, and the
findings for the S-parameters have been reported..
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Fig. 6: Magnitude of scattering matrix parameter obtained by full-wave EM analysis of complete branch-line coupler (red
dashed line) and full-wave EM analysis of one quarter of the Branch-line coupler (blue solid line).
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